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Attitude Stability of a
Pseudorate Jet-Controlled Flexible Spacecraft

R.A. Millar* and F.R. Vigneront
Communications Research Center, Ottawa, Canada

The small-angle stability of a single-axis spacecraft attitude control system incorporating a nonlinear
pseudorate controller, jet actuator, flexible vehicle dynamics, and a loop time delay is analyzed. The dynamics
include a low-frequency rigid vehicle mode and a highly underdamped fiexible mode that has its modal
frequency outside the rigid vehicle control system bandwidth. The single input sinusoidal describing function for
the pseudorate controller is derived and used to determine the effect of the controller on each mode individually.
A stable limit cycle for the rigid vehicle mode response is predicted. The flexible mode response is predicted to be
stable, unstable, or to exhibit a stable limit cycle, depending on the loop time delay and the flexible mode
frequency and damping. Simulation results verify the integrity and interpretation of analytically predicted

stability conditions.

Introduction

N this paper, the small angle (near deadband) stability of

the attitude control system shown in Fig. 1 is analyzed. The
system consists of a single-axis structurally flexible
spacecraft, an attitude sensor, and a pseudorate controller.
The problem stems from a requirement to understand basic
relationships that govern the pseudorate attitude control of
the Communications - Technology Satellite (CTS),'? also
referred to as Hermes. The results and technique presented
are applicable to the CTS and are expected to find application
in the design and analysis of similar spacecraft, which employ
pseudorate attitude controllers and whose dynamics are
amenable to a modal transfer function representation such as
that shown in Fig. 1.

In this class of spacecraft, the initial control system syn-
thesis and sizing of the pseudorate parameters are based on
the premise that the spacecraft basically behaves as a rigid
body. The controller design is such that the structural
frequencies are- somewhat higher than the control system
bandwidth. Structural flexibility cannot be ignored, however,
because of the highly underdamped nature of the flexible
modes, the presence of a loop time delay comparable with the
flexible mode oscillation periods, and the fact that the attitide
sensor detects not only the low-frequency rigid vehicle motion
but also the higher-frequency structural modes of defor-
mation.

The nonlinear nature of the controller, the inclusion of
structural flexibility, and a loop time delay preclude rigorous
analysis of the system shown in Fig. 1. In the following
analysis, 1) the dual time constant pseudorate controller is
replaced by its single input sinusoidal describing function; and
2) the effect of the controller on the stability of each dynamic
mode indicated in the spacecraft dynamics block of Fig. 1 is
analyzed separately, a simplification often invoked when
modes are well separated in frequency (mode separability *6).
The approach reveals many of the basic functional
relationships involved in pseudorate control of flexible
spacecraft. Detailed simulation results of the complete system
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(Fig. 1) illustrate and verify the integrity and interpretation of
the analytical results. Parameter values utilized are charac-
teristic of the offset pseudorate controller and the roll
dynamics of the CTS.

System Description

The system (Fig. 1) incorporates a standard dual time
constant pseudorate controller, a pair of thrusters, flexible
spacecraft dynamics, and an attitude sensor. The controller
consists of a dual time constant [r, when y(¢) = £1, 7, when
y(¢t) =0] feedback lag network (gain K;D) around an on-off
relay with deadband D and hysteresis H. The thrusters have a
thrust level F and a moment arm L. The spacecraft dynamics
include the rigid vehicle mode (zero frequency, zero damping)
and a single highly underdamped fundamental flexible mode,
which has a natural (unconstrained) modal frequency w,. The
modal gain k, is approximately equal to the inertia ratio of
the flexible parts to the rigid parts.” The total spacecraft
inertial (rigid plus flexible parts) is denoted by I. Associated
with the attitude sensor is a gain K. A composite loop time
delay T accounts for delays associated with the sensor and
processing delays associated with the hardware im-
plementation of the controller.

In accordance with standard design considerations such as
those described in Ref. 8 (D determined by sensor noise level
and pointing accuracy requirements, pseudorate saturation
angle ¢, determined by large-angle capture requirements,
minimum pseudorate on-time Af.,, =H7,/K D determined
by limit cycle frequency considerations and thruster
pneumatic response - characteristics), the pseudorate
parameters have the following characteristics:

H/D<1 (1a)
Ty<T, (1b)
é,=K,D>D,H (o)
Al yin <70,7; (1d)
w,=1/1, (le)

where w, is the rigid vehicle (k;=0) closed-loop system
bandwidth. The bandwidth is based on the small signal at-
titude (position) and rate gain representation of the
pseudorate described in Ref. 8. [Equation (le) is obtained by
setting p=0.5 in Eq. (33) of Ref. 8.] The bandwidth has been
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Fig. 1 Pseudorate attitude control of a flexible spacecraft.
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Fig. 2 Pseudorate sinusoidal response waveforms.
chosen such that
0, <w, : (1)

where w, is the fundamental flexible mode frequency. The
dual time constant feature allows w, and Af_;, to be chosen
independently.

For input amplitude A near the deadband, i.e., when

A/D< ~5 (2a)

the pseudorate on-times (thrust durations) are given ap-
proximately by the pseudorate minimum on-time Af,,, [see
Eq. (17)]. At,;, is very small compared to the period of the
input waveforms of usual interest, i.e.,

Al in €27/ ‘ (2b)

where w is the input frequency.

Sinusoidal-Input Describing Function (DF)
for the Pseudorate Controller
The steady-state operation of the dual time constant
feedback lag network pseudorate (Fig. 1), in response to a
sinusoidal input f(¢#) =A sinwt, is depicted in Fig. 2. The
y(t),a(t), and e(t) waveforms are symmetric, periodic, and
zero mean, in accordance with the form of the input and the

symmetry of the hysteresis switch with its feedback. The .

pseudorate is assumed to have turned on at times ¢,, ¢, ..., #,
and off at times ¢, +Af,, t,+At,,....t,+At,. If y(¢)=0,
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turn-on occurs when

A sinwt,~a(t;) =D (3)
where
a(t)=alt,_,+At,_,) exp(—[t;= (t;—, +AL,_ )1 /7,7 (D)

and i=2,...,n. The condition of periodicity of a(t)
necessitates that a(¢;) = —a(w/w+1,) or, equivalently,

a(t;)=—a(t,+At,) expl — [x/w+t,~ (¢, +4A1,)]/7,} (5)
If y(t) = £ 1, turn-off occurs when

asinw(t;+Af;) —a(t;+At))=D—-H )
wherei=1,2,...,n, and
alt;+A1) =K D[ (] —exp(—At;/1y) ] +a(t;)exp(—At;/7y)

)

For a given integer n, the preceding expressions contain 2»
constants a(f;) and a(t;+At;) and 2n unknown values of ¢,
and Ar;. (A and w are viewed as known inputs.) Equations (4,
5, and 7) may be manipulated to obtain expressions for a(¢;)
and a(f;+At;) in terms of unknowns ¢; and A¢,; the results
then may be combined with Eqs. (3) and (6) to eliminate the
a(t)’s and obtain 2»n transcendental equations to be solved for
the 27 unknowns ¢; and A¢,.

The describing function® then can be calculated via

N(A,w)=(1/A4)(b, +ja;) (8)
where

2 "
a,=— E [sinw (f; + At;) —sinwt,]
T

f=1

2 n
b,=—;2

i=1

[coswt; —cosw (£, + At;) ]

For values of n other than 1, generating the describing func-
tion is necessarily numerical and complicated by the fact that
n generally is not known in advance.

For the problem at hand, where the input sinewave am-
plitude of interest is near the deadband (only small values of ’
are of concern) and the frequencies of interest are either well
within the system bandwidth (such as the rigid vehicle limit
cycle) or well outside it (such as the flexible mode frequency
w,>1/1,), the process of obtaining the describing function
can be simplified. For n=1, an analytic expression for the

“describing function can be obtained. Detailed analysis of the

system, using a describing function based on the n=1
assumption, uncovers the fundamental relationships that
govern the near-deadband pseudorate control of flexible
vehicles and provides a basis for understanding the system’s
behavior when n=2, 3,..., etc.

Exact DF (n=1)
For n=1, Egs. (5) and (7) combine to give

—K/DJ(w)[exp(At,/7,) —exp(—At,/7)]

atty) = 1+J(w)exp(~At,/7) ©)
and
a(t, +At,) =K,D[1—exp(—At,/79) ]
+a(t,)exp(—At, /7y) (10)
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where
J(w)=exp(—7/wr,) and r=7,7,/(1,—7))
Substitution of Eq. (9) into Eq. (3) and rearrangement gives
A sinwt; =D+ K DJ(w)exp(At,/1/)
+J{w) [A4 sinwt, —D(K,+1)]exp(—At,/7) =0 an

Substitution of Eq. (9) into (10), then substitution of the result
into Eq. (6), and then arrangement gives

A sinw (¢, +A1)—d+ KD exp(—Aat, /7))

+J(w) [A sinw (¢, +At;)) — (D—H)lexp(—At,/7) =0 (12)
where the saturation angle is defined as ¢, =K, D+D—H.
Equations (11) and (12) constitute a pair of transcendental
equations which, for a given A and w, can be solved

numerically for ¢, and A¢,. The DF then is calculated by Eq.
(8).

Approximate DF (n=1)

For the pseudorate as described via Egs. (1) and (2) (i.e.,
At, assumed to be of the order of At;,), the following ap-
proximations linear in A¢, are valid:

exp(—At,/1y) =1~ At /75 exp(At, /7)) =1+A41,/7, (13)
sinw (7; + At;) =sinw?; + wAt,cosw?; 14

Substitution of Eq. (13) into Eq. (11) and rearrangement
yields, to linear order in At,,

All+J(w) (I—=At,/7) ]sinwt,
+J(w) DAL K,/ 7+ (Ko + 1) /7] = D1+ J(w) ] =0 (15)

Similarly, substitution of Egs. (13) and (14) into Eq. (12) and
rearrangement gives

All+J(w) (1—At,/7)]sinwt, ‘
— AL {KD/1y—J(w) (D-H)/1—Awll+J(w)]coswt, }
—[I+J()](D—-H)=0 (16)

Subtraction of Eq. (15) from Eq. (16) and solution for Af,
yields

H

Aty =
"7 KDIty+ J(w)H/ [1+J(w) I7— Awcoswt,

17
Substitution of Eq. (17) into Eq. (15) yields

sinwf, =~§— [1;— I—i%—; (%f +£>At,] 18)

Since J(w) varies from 0 to 1 as w increases from zero,
J(w)/[1+J(w)] varies from 0 to 2 over the same frequency
range. From Egs. (17) and (2), one concludes that the
assumption that Af, is of the order of Af, is valid.
Therefore, Eqs. (17) and (18) reduce to

At;=Hr,/K;D 19)
1 Tl J(w)
~_—gn-'| = -
1= 5 sin [A {D 17 HI] (20)

Linear approximations in Af, of the type introduced in Eq.
(14) enable approximation of a, and b, of Eq. (8) by
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(CQwAt,;/T)coswt; and (wAl,/T)sinw!,, respectively. Fur-
thermore, conversion to polar form leads to the approximate
expression for the DF:

N(A,w) = (2wAt,/mA)expl —j(n/2—wt))] 21)

Equation (21) illustrates the inherent ““lead’’ characteristic of
the pseudorate circuit, since w?, is never greater than =/2. In
Eq. (21), A¢, and ¢, can be viewed as given by solution of the
transcendental Eqs. (17) and (18) or given directly (but in a
more approximate way) by Eqgs. (19) and (20).

Equations (11) and (12) and their subsequent ap-
proximations are based on the assumption that the input
sinewave amplitude A is such that n=1 for all frequencies w
of interest. For a given pseudorate, the input sinewave am-
plitude range for which n=1 (or n=2, 3, ..., etc., for that
matter) is determined most easily by simulation. However,
some guidelines are evident. A lower bound on A (below
which pulsing in response to a sinusoidal input ceases) is given
by [see Eq. (20)].

A>D—{J(w)/[I1+J(w)]}H (22)

Analysis of the waveforms of Fig. 2 leads to the conclusion
that an upper bound on A (for n=1) is defined via the con-
dition :

A<D+a(r/2w) (23)
where
aln/2w) =a(t, +At,)expl — (/20— [, +A1,])/7/}

Combining Eqgs. (9, 10, and 23) and the linear approximations
in A7, results in the following upper bound on A4 for n=1:

A<D+ {J(w)/[1+J(w))}Hexp[ — (7/20—1,) /7] (24)

For low w (for small w7, i.e., for the rigid vehicle limit cycle
frequency), J(w) is very small, and hence 4 must be very
close to D if nis to be unity. For the higher frequency range of
interest (flexible mode, wr;>1), J(w)=1, and the input
sinewave amplitude range is bounded by

D-H/2<A<D+H/2 (25)

Approximate DF (n=2,3, etc.)

A DF covering the flexible mode frequency range (w>w,)
and having amplitudes greater than D+ H/2 (n greater than
unity) is of interest. Such a DF determination is complicated
by the fact that, for a given A and w, the appropriate » must
be determined, along with ¢; and A¢;, i=1, 2, ..., n. Various
approximations can be made which simplify the mechanics of
generating the DF; the set on which the results presented in
this paper are based is derived below.

Where w7, is sufficiently large, exponential functions with
7, in the argument can be approximated by unity. With this
approximation and Eqs. (13) and (14), and proceeding in the
manner outlined in Eqs. (13-18), one can derive counterparts
of Eqs. (17) and (18) for the case when n is arbitrary:

H

Al =
" K:D/1y—Aw coswt;

(26)

D K, (13 A
sinwt; = — [ - {— Y an - ka}] i=1,2,..n 27)
A 7o L2 5 k=1

By noting the mechanics of the pseudorate behavior, it
becomes evident that the last (ath pulse always occurs before
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Table 1 Typical CTS parameter values
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Parameter Description Value Units

D Deadband 0.1632 deg

H Hysteresis 0.0223 deg

KD Feedback lag network gain 2.964 deg

T On-time constant 2.084 s

T, Off-time constant 39.6 s

F Thrust level 0.242 1bf -

L Moment arm 2.07 ft

I Spacecraft inertia (flexible + 822.4 slug-fi 2
rigid)

k; Modal gain: first flexible mode 7.7

Py Modal damping factor: first 0.003-0.008
flexible mode

W, Modal frequency: first flexible 1.9-2.3 rad/s
mode

K Attitude sensor gain 1 ..

T Loop time delay 0-1.25 S

Al pin Minimum on-time 15.71 ms

@, Pseudorate saturation angle 3.105 deg

Table2 Approximate DF on-off times as a function of input sinewave amplitude

Input sinewave  a(f) ..
amplitude range, nH/2 ,
n deg deg f;,s A1y, ms 1, Ar, I Al 1y Ary Is At
1 0.1521-0.1744 0.01115 0.810 15.68
~-0.559
2 0.1744-0.1855 0.0223 0.492 15.68 0.632 15.68
-0.455 - -0.569
3 0.1855-0.1967 0.03345 0.406  15.68 0.504 15.68  0.640 15.68
-0.381 -0.467 -0.577
4 0.1967-0.2078 0.0446  0.340 15.68 0.419 15.68 0.514 15.68 0.646 15.68
-0.321 -0.394 . -0.480 -0.585
5 0.2078-0.2190 0.0669 0.285 15.68 0.354 15.68 0.431 15.68 0.523 15.68 0.652 15.68
-0.270 -0.334 -0.404 -0.485 -0.587
Table3 Simulated pseudorate steady-state on-off times as a function of input sinewave amplitude
Input sinewave  a (/) .,
amplitude range, nf/2,
n deg deg 1;,s At;,ms 5 Al f Aty ty Aty ts At
1 0.152-0.173 0.0117 0.780 16.9
-0.0126 -0.556  -18.1 i
2 0.174-0.184 0.0262 0.477 19.3 0.653 18.1
-0.443 - -0.584
3 0.185-0.198 0.0388 0.389 19.3 0.508 19.3 0.698 16.9
-0.0405 -0.356 -20.5 -0.459 -0.593 -18.1
4 0.198-0.210 0.0537 0.309 20.5 0.410 19.3 0.528 19.3 0.720 16.9
-0.0549 -0.289 -0.382 -20.5 -0.492 -0.637 -18.1
S 0.213-0.220 0.0678 0.245 21.8 0.337 20.5 0.430 20.5 0.557 19.3 0.785 16.9
' -0.0715 -0.227 -0.314 -21.8 -.0411 -0.520 -0.673 -18.1
the point in the periodic cycle at which the magnitude of the from Egs. (27-29), is
function, Asinwt, starts to diminish. That is, n is the
maximum integral number for which n=integer partof [2(A+H—-D)/H] 30)

wl, <7/2

(28)

A corresponding approximate value for ¢; then is found from
. . . Eq. (27)to be
The transcendental Eqs. (26-28) may be solved to determine
the Az;, ¢;, and n. \

A first-order approximation for At; may be deduced from
Eq. (26) to be a constant, A#, given by

ti=(1/w)sin [ (1/A{D+ (i—-1)H—-YnH}]  (31)

Also, one may deduce the following input sinewave amplitude

At=Hr,/K;D 29) range for a given n=2, 3...[a counterpart of Eq. (25)]:

A corresponding direct formula for the integer n, deduced D+ (n—-1)H/2<A<D+nH/2 (32)
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The coefficients of the describing function which correspond
to Eqgs. (29-32) are found to be

2wAt
b,—zw——é— sinwt; a;= -9—— coswl; (33)
T

i=1 T =)

Equations (29-33) yield a reasonably accurate DF provided
that n< ~ 5. Results given in this paper for n>1 are based on
these equations. The DF can be calculated more accurately
where required by solving Egs. (26-28) via an iterative
(relaxation) type of solution, with Eqs. (29-31) used as the
starting solution.

Confirmation of DF Formula

Pseudorate parameter values characteristic of the CTS are
given in Table 1. The magnitude and phase of the exact DF
for n=1, as obtained after solving Eqs. (11) and (12) by a
Newton-Raphson technique, are shown in Fig. 3. The input
amplitude ranges and the f; and At for the approximate DF
for n<5 and w»1/7, are shown in Table 2. For example,
Table 2 indicates that, when the input sinewave amplitude is
in the range 0.1521 to 0.1744 deg, then n =1, A¢, is constant at
15.68 ms, and ¢, has values between 0.810 and 0.559 s. Table
3 summarizes the corresponding sinusoidal response
characteristics obtained via digital simulation. Comparison of
Tables 2 and 3 shows that amplitude ranges and switching
times involved in the calculation of the approximate DF using
Egs. (29-33) are in keeping with the results obtained via
simulation.

Rigid Vehicle Mode Limit Cycle Investigation

In the absence of flexibility (setting k, =0 in Fig. 1), the
transfer function for the dynamics and attitude sensor is

G(w)=—KFL e 57T / Iy? (34)

From the approximéte expression for the DF when n=1 [Eq.
(21)] we have

—I/N(A,w) = —7A exp[ —j(n/2~wt,)] /20At,  (35)

where Af,; and wt, are given in Egs. (19) and (20), respectively.
Equating —- 1/N(A,w) and G(w) gives

wir(yur+T)=7/2 (36)

wrr =2KFLAt o /7IA, 5 (37)

where the subscript LR denotes rigid vehicle limit cycle. Since
the time delay 7 of interest here is comparable with the period
of the flexible mode which has a frequency well outside the

o
(=}
7

A=0.1730 ~30

A-0. |sooﬁ”2°

PHASE A=0.1565 I
/A 0.1530 10

A= 0 (525\

o

H
Q
I

»
4

MAGNITUDE (dB)
|
3 o

MAGNITUDE

=407 —20
—60 —30
— T — T — T
0.00! 0.0t 0.l 1.0 .I0.0

FREQUENCY (radians/sec.)

Fig. 3 Magnitude and phase of exact describing function (n=1, no
restriction on w).
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rigid vehicle system bandwidth (i.e., w; > w, ), it follows that
T<1;,,. Equation (36) thus reduces to w, gz, = /2, which,
in conjunction with Eq. (2), implies that A, =D. From Eq.
(le) and the fact that J(w) =exp(—w/w7,), it is apparent that
J(w) <1 for frequencies (such as w;z) which are inside the
rigid vehicle closed-loop bandwidth ,. Substituting
At; g =H7,/K;D and A,z =D into Eq. (37) results in the
following expressions for the rigid vehicle limit cycle am-
plitude and frequency:
Ajpg=D wyr =2KFL(Hry/wIK;D?) (38)
The stability of the predicted limit cycle can be determined
by evaluating the partial derivatives (at A, p, w, z) involved in
Loeb’s criterion for stability, which is®

susy v, .
04 3w Odw 3A 39

where U and V are the real and imaginary parts of the

characteristic equation, 1+ N(A4,w) G (w) =0. For the case at
hand, Eq. (39) reduces to

D/ (w;gA pCOSw pt ) —w, g T>0 - (40)

which indicates that the n =1 type of rigid vehicle limit cycle is
stable for the small time delays of interest.

Flexible Mode Limit Cycle Analysis

By closing the loop through the flexible mode only of Fig.
1, the transfer function for the dynamics and attitude sensor is

G(w) =[KFLk,/Is?F(w)] expf —Jjlo(w) +wT]} (41)
where

Flw) =[{I-(0/w;)?}2+ (2p,0/w;)?]"

o(w) =tan~'[(2p,w/w,;)/{I— (w/w,;)?}]
Confining our attention for the moment to a search‘for n=1
type of limit cycles in the flexible mode frequency range, we
have J(w) =1 and hence, from Eq. (20),

wt,=sin~T[(D-H/2)/A) 42)

For n=1, the input amplitude (limit cycle amplitude) range is
restricted to that given in Eq. (25). Equating magnitude and
phase components of —1/N(A4,w) in Eq. (35) and G(w) in
Eq. (41) gives

KFLk, /Io3F(w) =1A/20At, (43)

0.009-‘
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- 0.0054
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(o} T T T T T T T ‘L'T B S
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Fig. 4 F(w)/w.and C/A as a function of « for selected p;, (=1,
flexible mode only). .
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'Fig. 5 Flexible mode stability as a function of p, and T(n=1,
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o(w)+wl=31/2-wl, (44)

which must be solved subject to the constraint given in Eq.
(25) to obtain A, r and w, r. Whether Eqs. (43) and (44) have a
solution or not depends on (among other parameters) the time
delay 7 and the modal damping p,. It is convenient to write
Eq. (43) in the form

F(w)/w=C/A 45)

where C=2KFLk,At,/w?w. For a given D, H, C, and w,, a
plot of the left-hand side and the right-hand side of Eq. (45) vs
w (in the range of w, and for selected p,; ) produces curves such
as those shown in Fig. 4. Since A is restricted to the range
indicated in Eq. (25) (that is, between A,=D—H/2 and
A, =D+ H/2 as depicted in Fig. 4), then there are only certain
values of w (if any) for which Eq. (45) is applicable. It is seen
from Fig. 4 that there are three possible cases:

1) There is no solution (illustrated by the p, = 0.005 curve).

2) There is one range of solution (illustrated by the
p; =0.0044 curve).

3) There are two solution ranges (illustrated by the
p; =0.003 curve).

The values of p, above which limit cycles are not predicted
(case 1) is obtained by setting w=w, and 4 =4, in Eq. (45).
The condition is .

p,>KFLAt,/ 7w, {D—H/2}] (46)

that is, when the modal damping is greater than the quantity
on the right-hand side of Eq. (46), DF theory says that it is not
possible for an n =1 type of limit cycle to exist, irrespective of
what time delay is present.

For lower values of p,, the frequency range (ranges) over
which Egs. (25) and (45) are satisfied (cases 2 and 3) can be
read directly off the graph (Fig. 4). From Eq. (44), the
corresponding time delays are calculated via

T=(1/w)[3x/2—sin~'[(D—H/2)/A]l —0o(w)] (47)

Plotting the time delays calculated in this manner as a func-
tion of damping (for the modal frequency p, indicated in Fig.
4) results in the stability boundaries indicated in Fig. S. The
shaded areas indicate the ranges of time delay and modal
damping for which n =1 type of limit cycles are possible. That
is, the shaded areas indicate the ranges of T and p; for which
Eqgs. (43) and (44) have a solution [A;z, w,z] such that
A; <A <A,

For a given point (7, p,;) in the shaded area of Fig. 5, the
actual limit cycle solution [A,, w,r] is found readily by
plotting the real and imaginary parts of N(A4,0)G(w) [where
N(A,w) is given in Eq. (21), and G (w) is given in Eq. (41)] as
a function of w for A; <A<A,, and reading A;r and v, p
from the curve that intersects the —1+4/0 point in the

J. GUIDANCE AND CONTROL
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Fig. 6 Limit cycle determination when 7=0.5, 1.4 s (n=1, flexible
mode only).

1.900 1.896

Im[NG]
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0.4

Fig. 7 Real and imaginary parts of N(4,«)G(w) for T=0.25, 0.75,
1.2, and 1.6 s (n = 1, flexible mode only).

N(A,w)G(w) plane. The technique is illustrated in Fig. 6 for
the (0.50,0.003) and (1.4,0.003) points taken from the shaded
areas in Fig. 5. The corresponding limit cycle solutions are
(0.156 deg, 1.904 rad/s) and (0.1563 deg, 1.893 rad/s),
respectively. Numerically evaluating the partial derivative in
Loeb’s criterion [Eq. (39)] indicates that the former limit
cycle is stable and the latter is unstable. That is, the shaded
area on the left in Fig. 5 is a stable limit cycle region, and the
shaded area on the right is an unstable limit cycle region.

For points (7,p,) not in the shaded areas of Fig. 5, no limit
cycles exist; however, the flexible mode behavior is predicted
readily by plotting the real and imaginary parts of
N(A,w)G(w) as a function of w (for the limiting amplitudes
A, and A, only) and invoking the Nyquist encirclement
criteria to determine stability. The technique is illustrated in
Fig. 7 for several (7, p,) pairs outside the shaded area in-
dicated in Fig. 5. The (0.75, 0.003) and (1.2, 0.003) points in
Fig. 5 result in a set (4, <A <A,) of Nyquist curves (Fig. 7)
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that encircle the — 1 + jO point. Thus, when the time delay and
modal damping are such that (7, p;) is located below the
shaded area of Fig. 5, the flexible mode initial condition

response to amplitudes between A4; and A, is unstable in the

sense that it diverges in amplitude to the point where A, is
exceeded. The same can be said about the unstable limit cycle
area (the shaded area on the right) of Fig. 5. On the other
hand, the (0.25, 0.003) and (1.6, 0.003) points in Fig. 5 result
in a set of Nyquist curves (Fig. 7) that do not encircle the —
1+ 0 point. Thus, when the time delay and modal damping
are such that (7, p,) is located above the shaded area of Fig.
3, the flexible mode initial condition response to amplitudes
between A; and A, is stable in the sense that it decays to zero.

To this point, we have restricted our attention to the flexible
mode behavior when A,<A<A,, i.e., when n=1. As
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summarized in Fig. 5, it is evident that the n=1 stability
behavior is determined by T and p,. For larger amplitudes
(i.e., n>1 but n<5), Fig. 5 theoretically does not apply;
however, it is indicative of the type of behavior which can be
expected. Nyquist curves (not shown) when n=2,3,... using
the approximate DF of Egs. (29-33) indicate that the stable
and unstable regions of Fig. 5 remain effectively unchanged
whenn=2,3,....

Simulation Results
The foregoing limit cycle and stability analysis is confirmed

. readily by hybrid and digital computer simulation of the

system shown in Fig. 1. Simulation with the flexible mode
only (i.e., the 1/s? path of Fig. 1 disconnected) yields results
that are in complete accord with material presented in Figs. 4-
7. Such simulation results do not reveal anything new and so,
in the interest of brevity, are not included.

Simulation with the rigid spacecraft [i.e., the flexible mode
absent (k;=0)] indicates that the system has a reasonable
large-angle [r(0)=2.5 deg, F(0)=0.1 deg/s]
rigid vehicle initial condition response in accordance with the
design criteria placed on the system and that the response
converges to the low-frequency deadband-to-deadband type
of limit cycle, as shown in strips 1, 2, and 3 of Fig. 8. The
observed rigid vehicle limit cycle frequency is 0.0028 rad/s
(period of 2200 s). The corresponding frequency given by Eq.
(38) is 0.0022 rad/s (period of 2800 s). The difference is
because Eq. (38) is based on the assumption that the limit
cycle is sinusoidal, whereas in reality it is triangular. Fur-
thermore, small time delays of the magnitude considered in
this paper have no effect on the rigid vehicle response or the
rigid vehicle limit cycle frequency.

Of prime concern here is the behavior of the system when
both rigid and flexible modes are present and how well the
mode separation/single input DF technique predicts this
behavior. The simulation results presented in Fig. 8-10 pertain
to this situation. In all cases, the periods of the rigid vehicle
limit cycle and the flexible mode vibration are 2200 and 3.3 s,
respectively.

Figure 8 illustrates the low-frequency deadband-to-
deadband limit cycle behavior and stable flexible mode
behavior when both modes are included in the spacecraft
dynamics. Once in this state, the flexible mode can jeopardize
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Fig. 11 Closed-loop frequency response, X(w)/U(w) with the
pseudorate controller replaced by N(A4,w).

stability only if the parameters are such that 7 and p, con-
stitute a point pair in the unstable areas of Fig. 5 and external
disturbances are present which significantly increase the
flexible mode output over that shown in strip 4 of Fig. 8. In
the absence of external perturbations, structural flexibility
and small loop time delays have no effect on the low-
frequency limit cycle, and Eq. (38) approximately describes
the situation. .

Figures 9 and 10 show two initial condition responses when
both modes are present, p, =0.003, and the loop time delay is
0.28 and 0.75 s, respectively. In accordance with the preceding
sections, it is expected that, for the T=0.28 s case, the flexible
mode response will (if excited) decay to zero and that the
system response will converge to the low-frequency rigid
vehicle limit cycle. For the 7=0.75 s case, it is expected that
the flexible mode will, if sufficiently excited, diverge and
dominate the system response. Figures 9 and 10 show that this
is, indeed, the case. i

Concluding Remarks

The mode separation/single input describing function
technique illustrated in this paper facilitates analysis of the
system shown in Fig. 1. Only near-deadband operation is
considered, and the two modes (a rigid vehicle mode and a
highly underdamped mode due to structural flexibility) are
well separated in frequency. Analysis of the effect of the
controller on the stability of each dynamical mode in-
dividually allows accurate predictions to be made concerning
the stability of such a multimode system. A rigid vehicle stable
limit cycle dominates the low-frequency response behavior,
and a decaying or divering flexible mode response dominates
the high-frequency behavior of the system.

If the loop time delay and modal damping are such that the
Nyquist criteria indicate stable flexible mode behavior, then
the flexible mode response decays to zero, and the low-
frequency rigid vehicle limit cycle ultimately dominates the
system response. If the flexible mode damping factor is above
the critical value given in Eq. (46), the flexible mode response
will decay to zero irrespective of the loop time delay.

For other values of loop time delay and modal damping,
the Nyquist criteria indicate unstable flexible mode behavior.
In these cases, a divergent flexible mode response (if flexible
mode is excited) dominates the system behavior (dominates
the low-frequency rigid vehicle limit cycle), and system
stability is jeopardized. To avoid such behavior, either the
structure should be designed to have a structural damping
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factor greater than that given by the right-hand side of Eq.
(46) or the pseudorate parameters must be selected so that Eq.
(46) is well satisfied.

The stable flexible mode limit cycles predicted via the
Nyquist criteria (in the absence of the rigid vehicle mode) for
certain values of delay and modal damping are of limited
practical significance. The symmetrical limit cycle predicted is
destroyed readily when both modes are present in the loop. In
keeping with the sharp amplitude and phase shifts associated
with highly underdamped modes, the results are very sensitive
tochangesin 7, p,, and w,.

The analysis approach illustrated in this paper (mode
separation/single input DF technique) is expected to be ap-
plicable to a wide range of nonlinear controller/flexible
vehicle combinations. Whether or not the mode separation
technique applies in any particular situation involves
engineering judgment. The fact that the modes in our example
are well separated in frequency is seen in Fig. 11, where the
pseudorate controller in Fig. 1 is replaced by its describing
function N(A,w), and the closed-loop frequency response for
the resulting system is plotted for two different values of A.
The flexible mode frequency is seen to be well outside the rigid
vehicle system bandwidth. From another point of view, the
fact that the modes are well separated in frequency here
means that, for low frequencies, the spacecraft dynamics
transfer function G(w) =X(w)/Y(w) (see Fig. 1) reduces to
the G(w) given in Eq. (34) and that, for high frequencies
(w=w,), the spacecraft dynamics transfer function reduces
tothe G(w) givenin Eq. (41).
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